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Abstract. We extend a recent result of Cohen and Jones 1121 relating the 
gauge group Q{V) of a principal bundle V over M to the Thom ring spec- 
trum (7?Ad)-TM_ If -p has contrac tible total space, the resulting Thom ring 
spectrum is LM~™ , which plays a central role in string topology. Cohen 
and Jones show that ("p Ad )~™ i s the linear approximation of Q(V) in a cer- 
tain sense, and we extend that relationship by demonstrating the existence of 
higher-order approximations and calculating them explicitly. This also gener- 
alizes calculations done by Arone in [l]. 
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1. Introduction 

If M is a closed oriented manifold and LM = Map(S' 1 , M) is its free loop space, then 
the homology H*(LM) has a loop product first described by Chas and Sullivan [5|. 
This loop product is homotopy invariant [15j and has been calculated in a number 
of examples [13] . In [18] , Felix and Thomas studied the loop product by defining a 
multiplication-preserving map 

(1) tf*(f2 id haut(M); Q) — ► H* +dimM (LM; Q) 

where haut(M) is the space of sclf-homotopy equivalences of M, and the loops are 
based at the identity map of M. 

In [TT], Cohen and Jones described a ring spectrum LM~™ whose homology is 
H*(LM) but with a grading shift. The multiplication on LM~™ gives the loop 
product on H*(LM), and that the map of Felix and Thomas ([1} comes from a map 
of ring spectra 

(2) £^ft id hautM — > LM~™ 

by taking rational homology groups [12) . In the forthcoming paper |12j , Cohen and 
Jones extend this map of ring spectra to a natural transformation of functors 

(3) F > L 

F,L:K%^Sp 
F(M II M) = E^n id hautM 
L(M II M) ~ LM~™ 
Here TZm is the category of retractive spaces over M and Sp is the category of 
spectra. We will give these functors explicitly in section [3] Both F and L arc 
required to be homotopy functors, meaning that they send equivalences of spaces 
to equivalences of spectra. Cohen and Jones show that L is the universal approx- 
imation of F by an excisive homotopy functor, i.e. one that takes each homotopy 
pushout square 

A >-B 



C »£> 

to a homotopy pullback square 

L(A) * L(B) 



L(C) L(D) 

In particular, L takes finite sums of spaces to finite products of spectra. This type 
of analysis is similar in spirit to Goodwillie's calculus of functors ( [19], [21]), though 
it is different in substance because the functors F and L are contravariant. It is 
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perhaps more similar to Weiss's embedding calculus ( [36], [22]), though again it is 
different because F is defined on all spaces and not just manifolds and embeddings. 

Of course, in Goodwillie calculus one approximates a functor F by an n-excisivc 
functor P n F for each integer n > 0. These fit into a tower 

F — > . . . — > P n F — > ... — > P 2 F — ► PiF — > P Q F 

and one extracts information about F from the layers 

D n F := hofib (P n F — ► P„_ Xj F) 

The map of functors © described by Cohen and Jones is only the first level of this 
tower: 

F — ► P^ 

The main goal of this paper is to extend their construction by building the rest of 
the tower. In order to do this we must also develop a variant of Goodwillie calculus 
for contravariant functors from spaces to spectra. 

In Definition 12.11 we define n-excisive contravariant functors. Our main results on 
n-excisive functors are Theorems 17.11 and 18.81 which imply 

Theorem 1.1. Let F be a contravariant homotopy functor from C to T> , where one 
of the following holds: 

• C is the category of unbased finite CW complexes over M , and T> is the 
category of based spaces or spectra. 

• C is the category of based finite CW complexes, and T> is the category of 
based spaces or spectra. 

• C is the category of finite retractive CW complexes over M, and T> is the 
category of spectra. 

Then there exists a universal n-excisive approximation to F , called P n F, and the 
natural transformation F(X) — > P n F(X) is an equivalence when X is a disjoint 
union of the initial object and i discrete points, < i < n. 

In section [3] we explicitly define the functors of Cohen and Jones that extend the 
map of ring spectra ([2]) , and in section 14.21 we explicitly calculate the tower that 
extends the map of Cohen and Jones. We explain in Proposition 12 .51 why the above 
universal theorem is needed to conclude that our tower is correct. Along the way 
to proving Theorems 17.11 and 18. 8[ we prove a splitting result on homotopy limits in 
Proposition l6 . 81 that is reminiscient of a result of Dwyer and Kan ( [17) ) on mapping 
spaces of diagrams. This all implies the main result of the paper: 

Definition. Let C(M; n) denote the space of unordered configurations of n points 
in M. Let C(LM; n) denote the space of unordered collections of n free loops in M 
with distinct basepoints. 
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Theorem 1.2. There is a tower of homotopy functors 

F — > . . . — > P n F — > . . . — )■ P 2 F — > PiF — ► P Q F 

from finite retractive CW complexes over M into spectra such that 

(1) P n F is the universal n-excisive approximation of F . 

(2) The map F — > P\F is the map (0) of Cohen and Jones. 

(3) F(M II M) = £^°fi id hautM. 

(4) P X F{M II M) ~ LM~™ . 

(5) PqF(MUM) = *. 

(6) // X is any finite retractive CW complex over M , the maps 

F(X) — > P n F(X) — > P n -iF{X) 

are maps of ring spectra. 

(7) For all n > 1, D n F[M II M ) is equivalent to the Thorn spectrum 

C(LM;n)- TC ^ 

Cohen and Jones have also observed that this linearization phenomenon is more 
general. Consider any principal bundle 

G — > V — >M 

The gauge group G(V) is defined to be the space of automorphisms of V as a 
principal bundle. It is a classical fact that there is an associated adjoint bundle 
V Ad , and that the gauge group Q{V) may be identified with the the space of sections 
T M (P Ad )- 

Gruher and Salvatore show in |23j that one may construct a Thorn ring spectrum 
(■p Ad ) - ™ out of the total space P Ad of the adjoint bundle. The multiplication on 
this ring spectrum gives a product on the homology H*(P Ad ). When the total space 
of V is contractible, the adjoint bundle V Ad is equivalent to the free loop space IM, 
and the Gruhcr-Salvatore product on H*(V Ad ) agrees with the Chas-Sullivan loop 
product on H*{LM). 

In [T2], Cohen and Jones show that the map © of ring spectra generalizes to a 
map of ring spectra 

(4) g{v) — -> {v Ad )-™ 

Taking homology groups, they get a multiplication-preserving map 

(5) H*{g{V)) — > H, +dimM {P Ad ) 

which generalizes the map ([1} studied by Felix and Thomas. Cohen and Jones 
extend this generalized map of ring spectra to a map of functors F — > L and show 
that L is the universal approximation of F by an excisive functor. We extend their 
generalized result here as well: 
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Theorem 1.3. There is a tower of homotopy functors 

F — > . . . — > P n F — ► . . . — > P2F — > PiF — > P F 
from finite retractive CW complexes over M into spectra such that 

(1) P n F is the universal n-excisive approximation of F . 

(2) The map F — > P\F is the generalized map of Cohen and Jones. 

(3) F(MUM) = T^Q(V). 

(4) P r F{M II M) ~ (V Ad )~™. 

(5) PqF{M II M) = *. 

(6) // A is any finite retractive CW complex over M , the maps 

F{X) — ► P n F{X) — ► P n -!F{X) 

are maps of ring spectra. 

(7) For all n > 1, D n F(M II M ) is equivalent to the Thorn spectrum 

C(7> Ad ;nr TC(M;n) 

where C(P Ad ;n) is the space of unordered configurations of n points in the 
total space P Ad which have distinct images in M . 

The outline of the paper is as follows. In Section 2, we define n-excisive functors 
and give criteria for recognizing the universal n-excisive approximation P n F of a 
given functor F. In Section 3, we give a detailed construction of a tower which 
generalizes the above two examples. In Section 4, we specialize to the above two 
examples and do some computations. Sections 5-8 supply a missing ingredient from 
the previous sections: a functorial construction of P n F for general F. This material 
may be of independent interest in the general study of calculus of functors. 

The author would like to acknowledge Greg Arone, John Klein, Peter May, and 
especially Ralph Cohen for many enlightening ideas and helpful conversations in 
the course of this project. This paper represents a part of the author's Ph.D. thesis, 
written under the direction of Ralph Cohen at Stanford University. 

2. Excisive Functors 

Fix an unbased space B. Like every space that follows, we assume it is compactly 
generated and weak Hausdorff. Let Ub be the category of spaces over B, and let 
Kg be the category of spaces containing B as a retract. If B = * then these are 
the familiar categories U of unbased spaces and T of based spaces. Additionally, 
let Usfin and IZsfin denote the subcategories of finite CW complexes and finite 
relative CW complexes. 

We will sometimes write Xb as shorthand for X II B. So if A is an unbased space, 
then Xb is a space under B. On the other hand, if A — > B is a fiberwise unbased 
space, then Xb is a retractive space over B. 
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The following definition should be seen as a contravariant analogue of Goodwillie's 
notion of n-excisive for covariant functors |20j : 

Definition 2.1. A contravariant functor lZ°g — — » T is n-excisive if 

• F is a homotopy functor, meaning weak equivalences X — > Y of spaces 
containing B as a retract are sent to weak equivalences F(Y) — » F(X) of 
based spaces. 

• F takes strongly co-Cartesian cubes of dimension at least n+ 1 to Cartesian 
cubes (see [20]). 

• i* 1 takes filtered homotopy colimits to homotopy limits. In particular, F is 
determined up to equivalence by its behavior on relative finite CW com- 
plexes B X. 

This definition is easily modified to suit many cases. When restricting to finite 
CW complexes TZsfin, we drop the last condition. If Sp denotes a suitable model 
category of spectra, for example the category of prespectra described in [27], then 
a contravariant functor 1Z° B P — —t Sp is n-excisive if it satisfies the above properties, 
with "equivalence of based spaces" replaced by "stable equivalence of spectra." If 
we post-compose F with a fibrant replacement functor in Sp, then F is an n-excisive 
functor to spectra iff each level Fj is an n-excisive functor to based spaces. It is 
also straightforward to define n-excisive for functors from unbased spaces Ub or 
unbased finite spaces UbAi\ to either spaces T or spectra Sp. 

Our goal is to define "best possible" approximations of homotopy functors F by 
n-excisive functors P. Specifically, we want to construct an n-excisive functor P n F 
with the same source and target as F, and a natural transformation F — > P n F 
that is universal among all maps F — > P from F into an n-excisive functor P: 

F ^P 

*r 

' \ 

PnF 

We relax this condition to take place in the homotopy category of functors. This is 
the category we get by formally inverting the equivalences of functors. 

Definition 2.2. An equivalence of functors is a natural transformation F — > G 
that yields equivalences F(X) G(X) for all spaces X. 

Unfortunately, this homotopy category of functors has significant set-theory issues. 
First of all, the category of functors from spaces to spaces is not really a category 
in the usual sense. The collection of natural transformations from one functor to 
another forms a proper class. In other words, the category of functors has large 
hom-sets. The homotopy category of functors has even larger hom-sets |2I| . 
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One way of resolving this issue is to restrict to small functors as denned in [8]. 
The small functors form a model category, so their homotopy category has small 
hom-sets. 

We will use a different fix, since we are ultimately interested in a result about 
compact manifolds. Wc will restrict our attention to functors defined on finite CW 
complexes (i.e. Usfin or TZsfin) instead of all spaces (Ub or TZb)- Finite CW 
complexes over B can always be embedded into B x so we can easily make 
i^Bfin and IZBfin into small categories. Then the category of functors from Usfin 
or TZs^n into spaces or spectra has the projective model structure, as discussed 
below in section [XT] 

Now that we are on solid footing, let us return to the problem of finding a universal 
n-excisive approximation P n F to the homotopy functor F . ft turns out that P n F 
actually agrees with F on the spaces with at most n points. This is similar to 
embedding calculus ( , [12]) but quite different from the case for covariant 
functors ( [UJ). Extending the calculus analogy, we are calculating not a Taylor 
series but a polynomial interpolation: wc sample our functor F at (n+1) particular 
homotopy types 0, . . . , n and then we build the unique degree n polynomial P n F 
that has the same values on those (n + 1) homotopy types. The next result says 
that n-excisive functors are completely determined by their values on these spaces 
with at most n points. 

Definition 2.3. • Let Os, n be the full subcategory of Ub containing one 

object i = {1, . . . , i} for each integer < i < n and each map i — > B. The 
O stands for "over" since the objects are spaces over B. 

• Let Rb.„ be the full subcategory of TZb containing one retractive space of 
the form i B := iHB for each integer < i < n and each map i — > B. The 
R stands for "retractive" since these spaces contain B as a retract. 

Proposition 2.4. • If F and G are n-excisive functors TZ° B — > T, and 

F^G is an equivalence on H B p n , then n is also an equivalence on 1Z° B P . 

• If F,G : U° B — > T and n : F — > G is an equivalence on B p n then it is 
an equivalence on all ofU° B . 

• The obvious analogues hold when the source is finite CW complexes Ub.Rh 
or 72.B,fin7 or when the target is spectra Sp instead of spaces T . 

Proof. Wc will prove only the first statement, by induction on the dimension of the 
relative CW complex B — > X. The key fact is that a map of Cartesian cubes is 
an equivalence on the initial vertex if it is an equivalence on all the others. 

First we show that n is an equivalence on all spaces of the form X = k B = k]l B, 
by induction on the integer k. If it is true for < k < m and m > n, then we can 
take a partition of m + 1 into n + 1 positive integers. This gives a way of expressing 
m + 1 B as the final vertex of a pushout cube in which every other vertex is of the 
form k B with k < m. The functors F and G take this cube to a Cartesian cube, 
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and 77 forms a commuting map between the two Cartesian cubes. This map is an 
equivalence on every vertex but the initial one, so the map on the initial vertex 
F( m±l B ) -A G( m + l p ) is an equivalence as well. 

Before we move to higher dimensional complexes, we need a definition. For each 
subset T C {1,2, ... ,n}, define the layer cake space to be the subspace of 
the closed d-dimensional unit cube [0, l] d consisting of those points whose final 
coordinate is in the set 

{0, 1 l}u{t: \nf] eT} 

n n 

So L d x n y is the entire cube, while is homotopy equivalent to n + 1 copies of 
D p ~ 1 glued along their boundaries. Intuitively, consists of all the frosting in a 
layer cake, together with a selection of layers given by T. If T is a proper subset, 
then Lj, is homotopy equivalent rel dl d to dl d with some [d — l)-cells attached. 

Now we want to show that 77 is an equivalence on all finite relative complexes 
(i.e. finitely many cells attached to the basepoint section B). Assume that r\ is an 
equivalence on all finite (d— l)-dimcnsional complexes. Given a d-dimensional finite 
complex X, with top-dimensional attaching maps {dl d X^ -1 )}^^, form the 
unique pushout square with the following description. The initial vertex is YLa ^0> 
a disjoint union of one empty layer cake for each d-cell of X. Next, let n of the 
n + 1 adjacent vertices be U^^fi} as i ranges over {l,...,n}. Finally, let the 
last adjacent vertex be the pushout of X^ -1 ' and JJa ^0 a l° n g Ua Then the 
final vertex is homeomorphic to X, while every vertex other than the final one is 
homotopy equivalent to a (d — l)-dimenional cell complex. After applying F and 
G, rj gives us a map between two Cartesian squares, and the map is an equivalence 
on every vertex but the initial one. So F{X) G(X) is an equivalence and the 
induction is complete. 

If the source category of F and G has infinite CW complexes, we express each CW 
complex as a filtered homotopy colimit of its finite subcomplexes and invoke the 
colimit axiom. Then 77 is an equivalence on all CW complexes. To move to all 
spaces, wc recall that F and G preserve weak equivalences, and that every space 
over B has a functorial CW approximation. □ 

Let .F be a contravariant homotopy functor from finite CW complexes (TZsfin or 
^s.fin) to cither based spaces or spectra (with one exception, as explained in section 
[7]). In sections[5l[7l and l8.2l below we will define a functor P n F with the same source 
and target as F, and a natural transformation p„F : F — > P n F , both functorial 
in F. Then we will show two things: 

• P n F is n-excisive. 

• F — > P n F is an equivalence on (based case) or 0^ p n (unbased case). 
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Proposition 2.5. If F — > P n F is a functorial construction satisfying the above 
properties, then P„F is universal among all n-excisive P with natural transforma- 
tions F — > P in the homotopy category of functors. 

Proof. Easy adaptation of ( [21], 1.8). □ 

Corollary 2.6 (Recognition Principle for P n F). Given that such a construction 
P n exists, if P is any n-excisive functor with a map F — > P that is an equivalence 
on R^ p n or 0°g n , then P is canonically equivalent to P n F. 

Proof. By the universal property of P n F there exists a unique map P n F — > P, 
but this is a map of n-excisive functors and an equivalence on R.°g P „ or Og n , so 
it's an equivalence of functors. □ 

As stated above, we will defer the construction of P n F to a later section. In the 
next section we will recognize P n F in a particular example. 



3. The Tower of Approximations of a Mapping Space 

Now we will compute the tower of universal n-excisive approximations of the functor 

F(X) = E°°Map B (A, E) 

from retractive spaces over B to spectra. The map of Cohen and Jones described 
in the introduction is the special case X = M II M, B = M, and E = LM II M. 
We will examine this special case in section B~21, after doing the general case. Most 
of the properties are proven using techniques from model categories, so we will fix 
some notation for this following [27] and |29j . 

Definition 3.1. Let X and Y be unbased spaces over B, or retractive spaces over 
B. 

• A q-cofibration X — > Y is a retract of a relative cell complex. 

• A q-fibration X — > Y is a Serre fibration. 

• An /i-cofibration X — > Y is a map of spaces satisfying the homotopy 
extension property. 

• An /i-fibration X — > Y is a Hurcwicz fibration. 

• If E is a retractive space over B, let T,bE denote the fiberwise reduced 
suspension of E. 

• An ex-fibration is a retractive space E over B such that E — > B is a 
Hurewicz fibration and B — > E has nice properties ( [2S], 8.2). The 
point for us is that E^-E is again an ex-fibration, and fiberwise maps from 
compact spaces into E will have nondegenerate bascpoints. 

Definition 3.2. Let X be a q-cofibrant retractive space over B and let E be an 
ex-fibration over B. 
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Let Map B (X, E) denote the space of maps X — > E respecting the maps 
into and out of B. If B is compact or X is finite CW then this space is 
well-based. If not, grow a whisker so that S°° will preserve equivalences. 
Similarly, let Map B (A, YfgE) denote a spectrum whose fcth level is fiber- 
wise maps from X into ^%E. 

Let X7\X denote the external smash product of X with itself; this is a 
retractive space over B x B whose fiber over (61,62) is X^ A Xb 2 . More 
generally, if Y is a retractive space over C then X A Y is a retractive space 
over B x C whose fiber over (b, c) is Xb AY C . 

Let X hn denote the n-fold iterated external smash product. It is a retrac- 
tive space over B n . 
Define 

Ma P(M° p ,{B*}) ( X A \ S B> E A ' ) 

to be the spectrum whose kth. level is collections of maps of retractive spaces 
T, k B E ... T, k Bn E^ n 

* X ... 

such that each surjective map i < — j gives a commuting square 

H k Bl E^ 1 ^ ^% j E' Kj 

X~ l ^ X*i 

One might expect S° — > in the place of * — > H k *, since an empty 

smash product is S . This answer would give the approximation to the 
functor F V S instead of F. A similar phenomenon happens in Cor. 18.61 
below. 

Alternatively, we can define diagrams X A , Y, k E , and B_ indexed by M° p . 
The first two diagrams each contain the third as a retract. Then we can 
describe the fcth level of the above spectrum as the space of maps of dia- 
grams from X A to Yi k E respecting the structure maps into and out of B_. 
We will discuss the projective model structure below and show that X A is 
cofibrant in Corollary [33] Of course, Y, k E is fibrant. 
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This gives a tower of functors 

F(X) 
I 

PnF(X) 
I 

P 2 F(X) 
■I 

PiF(X) 
I 

PoF(X) 

on the category of finite retractive CW complexes over B. We will justify the 
notation in Theorem 13. 12[ where we show that P n F(X) is the universal 71-excisive 
approximation to F(X). This generalizes an observation made by Greg Aronc about 
the tower he computes in [1]. These functors extend to homotopy functors on all 
retractive spaces using CW approximation or g-cofibrant approximation, though 
we will not need that here. 

Remark. It is more natural to examine the functor X i-> Map B (X, E) first, before 
applying E°° to it. But this functor is already 1-excisive, so it does not give an 
interesting tower. It is also natural to consider 

F(X) = T,°°Map B {X,E) 

for unbased X over B, without a basepoint section. But F(X) = F(X II B), so 
P n F(X) = P n F(X LI B) by comparing universal properties. Therefore the case of 
F on 1Z° B is more general than the case of F on U° B . This is true in general when 
the desired functor on U° B extends to a functor on 1Z° B . 

3.1. Cell Complexes of Diagrams. Many of the proofs that follow rely on the 
same basic idea: we start with a diagram of spaces or spectra that is built induc- 
tively out of cells, and we define maps of diagrams one cell at a time. In doing so, 
we are using the following standard facts. First, both spaces and spectra have com- 
pactly generated model structures [27], so each space or spectrum is equivalent to 
one that is built out of a sequential colimit of pushouts of cells. Therefore the cate- 
gory of diagrams indexed by I can be endowed with the projective model structure. 
The weak equivalences F — > G are the maps that give objectwisc equivalences 
F(i) ^> G(i), and the fibrations are the objectwise (g-)fibrations. The projective 
model structure is again compactly generated. 



= S°°Map B (X,S) 

= M<xp BxB (XAX,V% xB EAE)^ 

= Map B (X,^E) 

= * 
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To understand the cofibrant diagrams, define a functor that takes a based space 
(or spectrum) X and produces the diagram 



and then define a diagram CW complex as an appropriate iterated pushout of 
diagram cells. Every diagram CW complex is cofibrant in the projective model 
structure. More generally, if we weaken the definition from relative CW complexes 
to retracts of relative cell complexes, we get all of the cofibrations in the projective 
model structure. 

We will check that an important class of diagrams is cofibrant in the projective 
model structure. Recall that M„ is the category with one object i = {1, . . . ,i} for 
each integer < i < n, with maps i — > j the surjective maps of sets. The maps 
are not required to preserve ordering, so in particular M„(i, i) = Ei, the symmetric 
group on i letters. 

Proposition 3.3. If X is a based CW complex, then {X Al }" =0 is a CW complex 
of M° p diagrams. Similarly for Cartesian products {X 1 }. If X is q-cofibrant then 
{X M } and {X 1 } are cofibrant diagrams. 

Proof. Consider the product J| fc D m = J| fe [0,l] m , which is homeomorphic to the 
space of all k x m matrices, with real entries between and 1. There is a 
action that permutes the rows. Divide this space into open simplices as follows. 
We define a simplex of dimension d for each partition of the km entries of the 
matrix into d nonempty equivalence classes, along with a choice of total ordering 
on the equivalence classes. This simplex corresponds to the subspace of matrices 
for which the equivalent entries have the same value, and the values are ordered 
according to the chosen total ordering. 

The closures of these simplices give a triangulation of the cube Y[ k D™ = J| fe [0, l] m . 
Each generalized diagonal in (D m ) k is defined by setting an equivalence relation on 
the rows of the matrix, and requiring that equivalent rows have the same values. 
This is clearly an intersection of conditions we used to define the simplices above, 
so each generalized diagonal is a union of simplices. In addition, the simplices off 
the fat diagonal are freely permuted by the action. 

Now, each cell of X An is an n-tuple of non-basepoint cells D mi x . . . x D mn from X. 
For each cell D rn of X, it occurs k times in this product, with < k < n. Subdivide 
Yl D m as above, and then take an open cell in Yl7=i D mi to be a product of the 
open cells we constructed that way. Again, each generalized diagonal is a union 
of cells, since the condition that certain coordinates agree means that certain D m s 
must be repeated, and then that condition descends to Y[ k D m , where we have a 
smaller generalized diagonal. Again, off the fat diagonal, each point is contained in 
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some cell off the fat diagonal in each of Y[ k D m , each of which is permuted freely 
by Sfe, so their product is permuted freely by S ra . 

This breaks up each basic cell Yl7=i D mi of A An into a relative CW complex with 
the desired properties. This process gives the same answer for X A (™ -1 ) as it does 
when we do it to A An and then restrict to a generalized diagonal. Inductively, the 
diagram {A Al }" =0 is therefore built out of free M° p -cells, so it is cohbrant. 

If X is merely a cell complex, apply the above argument to each relative cell, and 
simply drop the dimension requirements. The result is a cell complex X An with 
the same properties off the fat diagonal. A general g-cofibration is a retract of a 
relative cell complex, but retracts of maps of spaces clearly give retracts of maps 
of diagrams, so we are done. □ 

Proposition 3.4. If X is a based CW complex and A is a subcomplex then {A Al } — > 
{A Al } is a relative CW complex of M° p diagrams. If * — > A — > X are q- 
cofibrations then {A Al } — > {X M } is a cofibration of M° p diagrams. 

Proof. Each cell of X M lying outside A M is a product of cells in X, at least one of 
which is not a cell in A. As above, we subdivide each of these cells so that A U A M 
is a subcomplex when A is any of the generalized diagonals. Off the fat diagonal, 
the Si action still freely permutes the cells. This gives the recipe for building the 
map of diagrams {A Al } — !► {A Al } out of free cells of diagrams. 

Suppose that * — > A — > X are g-cofibrations, and we want to show that 
{^4 Al } — > {X Al } is a cofibration of diagrams. Then without loss of generality 
we can replace A — > A by a relative cell complex A — > A'. Then we can replace 
* — > A by a relative cell complex * — !• A', and we get the sequence of relative 
cell complexes * — > A' — > X' Ua A' containing * — > A — > A as a retract. Then 
we apply the same argument as above. □ 

Proposition 3.5. If X is a retractive CW complex over B then {B 1 } — > {X Al } 
is a relative CW complex of M° p diagrams. If B — > A — > X are q-cofibrations 
over B then {A Al } — > {A At } is a cofibration o/M° p diagrams. 

Proof. We must verify that B l X A 4 is a relative cell complex with one cell for 
each i-tuple of relative cells of B A. This is a straightforward adaptation of 
standard arguments, though it is worth pointing out that these arguments derail 
if we don't work in the category of compactly generated weak Hausdorff spaces. 
Once we are assured that everything is a cell complex, the rest of the proof follows 
as above. □ 



Recall that an acyclic cofibration is a map that is both a (g-)cofibration and a weak 
equivalence. An acyclic cell of spaces is a map D n x {0} D" x / for some n > 0. 
Every acyclic cofibration of spaces is a retract of a cell complex built out of these 
acyclic cells [27] . Similarly, an acyclic cell of diagrams is what we get by applying 
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Fi to the map D n x {0} D n x /, and every acyclic cofibration of diagrams is a 
retract of a relative complex built out of these acyclic cells. With this language, we 
now give the following result: 

Corollary 3.6. If * — > A — > X are q-cofibrations and A — > X is acyclic 
then {A Al } — > {X Al } is an acyclic cofibration of M° p diagrams. Similarly for 
Cartesian products. 

Proof. Since A and X are g-cofibrant they are well-based (i.e. * — > A is an h- 
cofibration) . Therefore since A — > X is a weak equivalence, A M — > X Al is a 
weak equivalence as well. □ 

Corollary 3.7. Each acyclic cofibration A — > X of q-cofibrant retractive spaces 
over B induces a acyclic cofibration o/M° p diagrams {A Al } — > {X Al }. 

Proof. Again, we just need to show that A Al — > X Al is a weak equivalence of 
total spaces. The case where i = 2 generalizes easily. Let Ha be the homotopy 
pushout of 

B x B 



[A x B) Ubxb (B x A) 



Ax A 



Then Ha is equivalent to the strict pushout A A A, because the bottom map is an 
/i-cofibration. This gives a square 



H A 



AAA 



Hx 



XAX 



from which we see that the bottom map is an equivalence. For i > 2 simply replace 
one of the two copies of A by the space A A ^^ 1 \ □ 



3.2. Proof that the Tower is Correct. 

Proposition 3.8. F(X) = S°°Map B (X, E) as defined above in \3.2\ takes weak 
equivalences between q-cofibrant retractive spaces over B to level equivalences of 
spectra. In particular, F is a homotopy functor on the relative CW complexes over 
B. 



Proof. Since the spaces are modified to be well-based, it suffices to do this for 
the functor Map B (X, E) . By Ken Brown's lemma, it suffices to take an acyclic 
g-cofibration X — ► Y and show that 

Map B (Y,E) — > Map B (X,E) 
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is a weak equivalence. So take the square 



SI" 1 



D'l 



M &Vb (Y,E) 



Map B (X, E) 



where the + means disjoint basepoint and is there to remind us that the map 
must be an isomorphism on homotopy groups at all points. The right-hand vertical 
map is a weak equivalence (actually an acyclic fibration) if we can show the dotted 
diagonal map exists. This is equivalent to 



(S 11 - 1 xY)U (D n x X) 



D n xY 



E 



D 



Since E — > B is a g-fibration, it suffices to show that the left-hand vertical map 
is an acyclic g-cofibration. This is the main axiom for checking that (compactly 
generated) spaces form a monoidal model category, and it follows easily by checking 
a similar condition on the generating maps S n ~ 1 — > D n and D n x {0} — > D n x / 
[25j . Note that the homotopy invariance of mapping spaces from cofibrant objects 
to fibrant objects could also be deduced from the results of Dwyer and Kan on 
hammock localization [17] ■ □ 

Proposition 3.9. P n F(X) = Map (M ° P _ {B!}) (X X \ ^E 7 " 1 ) as defined above in 
\3.%\ takes weak equivalences between q-cofibrant retractive spaces over B to level 
equivalences of spectra. 



Proof. Again, by Ken Brown's lemma it suffices to take an acyclic g-cofibration 
X — > Y and show that 

Ma P(M op, {Bl}) (y"\I]-i?" 4 )^Map (M o P ^ 1}) (x" 4 ,I]-i?~ t ) 

is a level equivalence of spectra. So take the square of spaces 



S3 



Ma P(M° p ,{B*}) 



and show the dotted diagonal map exists. This is equivalent to a lift in this square 
of diagrams indexed by M° p : 



(SIT 1 AF A? ) U(L>I^ A X At ) 



Th, % E~' 



B l 
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Again, the right-hand vertical map is an ex-fibration ( [29|, 8.2.4) and therefore a 
g-fibration. So it suffices to show the left-hand vertical map is an acyclic cohbration 
of diagrams. Using ( (53], 7.3.2), this reduces to showing that 

is an acyclic cohbration of diagrams, but we already did that in Prop. !3.7l above. □ 

Proposition 3.10. F — > P n F is an equivalence on the q-cofibrant space i B = illB 
when < i < n. 

Proof. Note that when X = illB, the fat diagonal covers all of A A -? for j > i. 
Therefore a natural transformation of M° p -diagrams is determined by what it does 
on X Al = i l II B. This is an i 4 -tuplc of points in various fibers of H B ° i E A ' 1 , 
with compatibility conditions. The compatibility conditions force us to have only 
one point for each nonempty subset of i. Therefore the map F{i B ) — > P n F(i B ) 
becomes 

^{E bl x ... xE bi ) — > J] S °°A^ 

From Cor. 18.61 below, this map is always an equivalence. □ 
Proposition 3.11. P n F is n-excisive. 



Proof. Start with a strongly co-Cartesian cube indexed by the subsets of a fixed 
finite set 5, with \S\ > n + 1. This cube is equivalent to a cube of pushouts along 
relative CW complexes 

A — > X s seS 

of retractive spaces over B. Applying P n F to this cube, we get a cube of spectra 

T^P n F( \J X s ) 

SET 

Let's show that this cube is level Cartesian. Fix a nonnegative integer k and restrict 
attention to level k of the spectra in the cube. This turns out to be a fibration cube 
as defined in [2D]. To prove this, we have to construct this lift for any space K: 



K 



Ma P(M op, {Bl}) ((U se s 



X. 



K xl 



lim Ma P(M op i{Bi}) ((U teT X t ) A 1 , Z Bi E A < 



M aP(M° p ,{s-}) ( cplim ({J tt - T X t 
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Rearranging gives 



K x 



({0} x (u 



:_S X s) 



U (/xcoUm(U teT X t 



KxIx(\J seS X s ) 



B l 



This is a square of maps of diagrams in which the left and right vertical maps 
are vertexwise /i-cofibrant and /i-fibrant, respectively. Unfortunately, our model 
structure on diagrams is g-typc, not h-type. Fortunately, we can define maps of 
M° p -diagrams one level at a time, one cell at a time. So consider inductively the 
modified square 



K x 



({0}x(U ses x s ) ; 



U J x 



AUcofim (U teT *t 



B l 



Kxlx (U seS X s ) Ai 

where A C (U s es^ s ) Al * s ^ ne ^ diagonal. From Prop. 13.51 above we know that 
(\J s X s ) Al is built up from its fat diagonal by attaching free Ej-cells, so we can 
define the lift one free E^-cell at a time. Each time, we get an acyclic /i-cofibration 
on the left, and the map on the right is an /i-fibration, so the lift exists. By 
construction, it's natural with respect to all the maps in M° p . 

Now that we have a fibration cube of spaces 

(TcS)^Map f^U**) j 

we check that the map from the initial vertex into the ordinary limit of the rest is 
a weak equivalence: 



Map 



(M° p ; {B>}) 



((U ses 



lim Map (M o P ((U teT X t ) ,E^£" 



Ma P(M7,{B-}) (^COh 

But since i < n < \S\, every choice of i points in [JgX s lies in some \J T X t for 
some proper subset T of S. Therefore this map is a homeomorphism. □ 

Theorem 3.12. P n F is the universal n-excisive approximation of F . 

Proof. This follows from Cor. 12.61 above and Thm. 18.81 below. Together, they tell 
us that the universal n-excisive approximation P n F exists and is uniquely identified 



(Ut 6 T*0 
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by the property that P n F is n-excisive and F — > P n F is an equivalence on the 
spaces with at most n points. □ 



3.3. The Layers. As before, let A C X A " be the fat diagonal, the space of all n- 
tuples with a repeated coordinate (. . . , Xi, Xi, . . .) — > (. . . , hi, . . .). The natural 
map P n F — > P n -\F is a level fibration of spectra: 



D> 



D m x 7 ^ Map (M o P _ i;{fli}) (X^% E* 4 £**) 

This rearranges to 

D m x (({0} x X~ n ) U (I x A)) Y 1 k Rn E~ n 



D m xi xX' 



B r 



and the lift exists because the left vertical is an acyclic g-fibration and the right 
vertical is an /i-fibration, therefore a g-fibration. 

Since the maps between levels are Serre fibrations, the ordinary fiber is equivalent 
to the homotopy fiber. The ordinary fiber consists of all collections of maps that 
are trivial on X Al for i < n and that vanish on the fat diagonal of X A " . This 
spectrum may be written 

D n F(X) ~ Map B „(X~7 B nA,£^£~") s " 

although we should be clear about the meaning of the decoration (— since in 
the world of equivariant spectra there are a few different notions of "fixed points" 
(see for example [26]). Here we using the most literal notion, in which the fixed 
points of a spectrum X is given at level k by the fixed points of Xk- In particular, 
the above spectrum is given at level k by the E„-equivariant maps 



X An / Bn A 



of retractive spaces over B r 



Proposition 3.13. D n F(X) is an (m 
dim X and m is the connectivity of E — 
the fiber Eb )■ 



d)n — 1 connected spectrum, where d = 
> B ( and so m — 1 is the connectivity of 



Proof. If Y is a c-connected based space and X is a d-dimensional based free E„- 
CW complex, then Map(X, has connectivity at least c — d. We prove this 

by constructing an equivariant homotopy of S k A X — > Y to the constant map, 
one free En-cell at a time. A straightforward adaptation of this argument gives the 
above result. □ 
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Corollary 3.14. If m > d then the tower converges to its limit 
PooF(X) = Map (M o^ {sj}) (X A *,£g>I^) 

The tower may converge to F(X) itself when m > d. In the case where B = * this 
is shown to be true in pQ. For general B, here is a partial result: 

Proposition 3.15. Ifm>d then the map F — > PqF is m — d connected and the 
map F — ► P\F is 2(m — d) — 1 connected. 



Proof. First we replace every E°° with Q = f^E 00 ; this doesn't change the homo- 
topy groups under the assumption that m > d because our spectra are connective. 
The first result follows easily from the fact that if X is k connected then so is 
QX. The second follows from the fact that if X is well-based and k connected 
then X — > QX is 2k + 1 connected. (This in turn comes from the Freudenthal 
Suspension theorem.) We look at the diagram 

Map B (X, E) s- QM&p B (X, E) 




Ma,p B (X, Q B E) 

The vertical map is 2m — d — 1 connected and the horizontal map is 2m — 2d — 1 
connected, so the diagonal is 2m — 2d — 1 connected. □ 



If M is a closed manifold, consider the following spaces: 

• Ac M n is the fat diagonal. 

• F(M\ n) = M n — A is the noncompact manifold of ordered n-tuples of 
distinct points in M. 

• i : M n — A M n is the inclusion map. 

• C(M;n) = F(M;n)s re is the noncompact manifold of unordered n-tuples 
of distinct points in M. 



Then when B = M and X = MUM the layers of the above tower can be rewritten 

(M",A)(,^M" 



D n F(MUM) = r {M „ A) (£^„£ A ™) E " 



-pc ( v^oo Tp An 

1 M"-A I ^M™^ 



M n —Aj 

— \ En 



— 1 F(M;n) \^F(A/;n)'- ^ 

— r C'(M;ri)( S C(Af;n)( t * £ ' A ")s„) 

~ (0*£~™)s )- T ( c ( M ;")) 

The last step is the application of Poincare duality (see [29], [14]) to the noncom- 
pact manifold C(M;n) with twisted coefficients given by the bundle of spectra 
(l* E An )Y. n - Since the manifold in question is noncompact, Poincare duality gives 
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an equivalence between cohomology with compact supports and homology desus- 
pcndcd by the tangent bundle of C(M;n). The result is the Thorn spectrum 

{{L*E~ n ) Tj )- T (C(M;«)) 

We will see a few examples of this in the next section. 

4. Examples and Calculations 
Example 4.1. Taking B = * and E = Y for any based space Y gives 
F(X) 

PnF(X) 

P 2 F(X) 
PiF(X) 
PoF(X) 

with nth layer 

D n F(X) = Map.(Jr An ,E°°Y' An ) E " 

This coincides with Arone's tower in [1] , and therefore converges when the connec- 
tivity of Y is at least the dimension of X . It is curious that the Taylor tower in the 
Y variable should agree with the polynomial interpolation tower in the X variable. 
We also expect this to happen in the case B ^ *, though we will not prove it here. 

Example 4.2. If X = S 1 and Y is simply connected then the nth layer of the 
tower is 

Map«,(S'7A,E 0C Y An ) I3 » £* fi"£°°F A " 
If Y = YjZ with Z connected, then the nth layer is 

It is well known that the tower splits in this case ( [I], [2]): 

oo 
n=l 



= S°°Map t (X,y) 

= MapMoP^X^E 00 ^) 

= Map, (X A X, E°°y A F) S2 

= Map»(X ) £ oo y) 

= * 
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Example 4.3. If X is unbased we get the tower 
F(X) 

PnF(X) 

P2F{X) 
PiF(X) 
PoF(X) 

If Y = S° and X is any finite unbased CW complex then the nth layer of this tower 
is 

D n F(X) ~ Map(X"/A,§) s " £)((X"/A) S J S D(C(X;n)) 

where I? denotes Spanicr- Whitehead dual. If Y = S™ and m > dimX then the 
tower converges to S°°Map(X, S m ), and the nth layer is 

D n F(X) ~ Map(X"/A, E" m S) s " ~ E" m D((X' l /A) E J = S" m D(C(X; n)) 

Example 4.4. Returning to the fiberwise case, suppose that E is of the form EUB, 
where E also has a chosen section. Then 

S{X) = E°°Map B (X, S° x B) = E°°Map t (X/B, S- ) 

is a retract of 

F(X) = T,°°Map B {X, E) 

and therefore the tower for F splits into the tower for S and a "reduced" tower 
for F. The nth layer of the reduced tower is the homotopy cofiber of D n S(X) — > 
D n F(X), or equivalently the homotopy fiber of D n F(X) — > D n S(X), as in Cor. 
HL! below. 

4.1. Gauge Groups and Thorn Spectra. Let B = M be a closed connected 
manifold, and let V — > M be a G-principal bundle. The gauge group Q{V) is 
defined to be the space of automorphisms of V as a principal bundle. Consider the 
quotient 

V Ad = V x G G Ad 

where G Ad is the group G as a right G-space with the conjugation action. Then 
we may identify G{V) with the space of sections TM('P Ad ). Taking E to be the 



= E°°Map(X, Y) 

= MapMoppr,^ 00 !^ 1 ) 

= Map(X x AY) S2 

= Map(X, H°°Y) 

= * 
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ex-fibration (V Ad ) II M and X to be the retractive space MUM gives the tower 
F(AIUM) = Z°°r M (V Ad UM) ^ T^Q{V) 

P n F(M n m) = r (M op^ {MI}) (s^(^ Ad ) i nM j ) 

p 2 f(m u m) = r MxM (ss xM (^ Ad ) 2 nAf 2 )^ 

p 1 f(m n m) = r M (s^p Ad nM) ~ (pAd^-TM 

P F(M II M) = * 
The description of the nth layer in section 13.31 above becomes 
D n F(M II M) ~ CCP Ad ; n )- T (c(M ;n )) 

Here C("P Ad ; n) is configurations of n points in "P Ad with distinct images in C(M; n). 
If we use orthogonal spectra instead of prespectra, we get a tower of strictly associa- 
tive ring spectra. This proves Theorem 11.31 from the introduction. If G is replaced 
by a grouplike Arx, space then we get a tower of A x ring spectra. 

The bundle P Ad contains a canonical section, corresponding to the identity map of 
V . Therefore there is a reduced version of the above tower. The top of the reduced 
tower is 

and the nth layer is the cofiber of 

C(M; n)- TC ^ — ► C(P Ad ; n)- TC(M;n) 

This relates the stable homotopy type of the gauge group Q(V) to Thorn spectra 
of configuration spaces. 

By the Thorn isomorphism, the homology of C(V Ad ; n)~ TC ( M '' n ^ is the same as the 
homology of the base space C(V Ad ; n), with coefficients twisted by the orientation 
bundle of C(M; n) pulled back to C(V Ad ; n). We can calculate this homology using 
the zig-zag of homotopy pullback squares 

G n G n G n 
C(V Ad ; n) J^- T{V Ad - n) (V Ad ) n 

L J 

C(M; n) < F(M; n) M n 

where F(M; n) = M n — A is ordered configurations of n points in M. Note that 
the manifold F(M;n) is orientable iff M is orientable, while C(M;n) is orientable 
iff M is orientable and dim M is even. 
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Another approach to understanding the homology of configuration spaces comes 
from the scanning map 

C(M;n)^T M (S™)„ 
C(V Ad ; n) — > T M {S™ Am (V Ad H M))„ 

Here the subscript of n denotes sections that arc degree n in the appropriate sense. 
If M is open, the scanning map gives an isomorphism on integral homology in a 
stable range [31 j - If M is closed, it gives an isomorphism on rational homology in 
a stable range [5]. 

4.2. String Topology. Now we will finally construct the tower we described in 
the introduction. We may start with the tower of section [3] and set B = M, 
E = LM II M, and X = Mil M. Or, we may take the tower from section |4~T1 and 
set G ~ VLM and V ~ *, so that P Ad ~ LM. Either construction gives the tower 

F(M II M) 

P n F(M II M) 

P 2 P(M II M) 
PiF(M II M) 

p 0j f(m n m) 

The nth layer is 

As before, C(LM; n) is configurations of n unmarked free loops in M with distinct 
basepoints. This proves Theorem [L2] from the introduction. 

Note that the connectivity of C(LM; n)~ TC ^ 1 '^ decreases as n — > oo, so the tower 
does not converge. The homology of the first layer LM~™ can be calculated using 
methods from [13]. Taking M = S n , we can use known methods to calculate the 
second layer in rational homology 

H,(C(LS n ;2)- TC ^ sn ^;Q) 

Here is one recipe that works: 

• Take the differentials for the Serre spectral sequence of 

ns n x ns n — ► ls 71 x LS n — > s n xs n 

and pull them back to get the differentials for 

nS n x nS n — >• F{LS n ] 2) — y F{S n ; 2) ~ S n 
and get the rational homology of J-(LS n ; 2) with the E2-action. 



Y,°°r M (LMUM) 



S^fJidhaut(M) 



= r (M o Pi{Mi}) (E~ LM'HM') 



r MxM (S^ xM LM 2 HM 2 ) s = 
Tm^LMUM) 



LM 



-TM 



D n F{M H M) ~ C{LM; n) 



-TC{M-n) 
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• Calculate the twisted rational homology of RP°° using 

Z/2 — > S°° — > KP°° 

• Calculate the rational homology of C(LS n ; 2) using 

F{LS n ; 2) — > C(LS n ; 2) — ► RP°° 

• If n is odd, the manifold C(S n ;2) is not orientable, so we need rational 
homology with twisted coefficients. Get this by subtracting off the rational 
homology of C{LS n ;2) from the rational homology of F(LS n ;2). This 
method is justified by examining the spectral sequence for 

Z/2 — -> F(LS n ; 2) — > C(iS*"; 2) 

If n is odd, then H q (C(LS n ; 2); Q) with twisted coefficients is 

Q g = n-l,2n-2,2n-l,3n-2 
Q 2 g = 3n-3,4n-4,4n-3,5?i-4 

< 

otherwise 

V 

and if n is even the answer (with untwisted coefficients) is 

Q q = n-l,3n-3,3n-2,4n-4, 

5n — 4, 6n, — 6, 6n — 5, 8n — 7 
Q 2 <7 = 5n-5,7n-7,7n-6,8n-8,9?i-9, 
9n - 8, lOn - 10, lOn - 9, 12n - 11 

otherwise 

To get the homology of C(LS n ; 2)~ TC ( S ;2 ) we subtract 2n from each degree. This 
Thom spectrum is a homotopy fiber of maps of rings, so its homology carries an 
associative multiplication but no unit. When n is odd, all the products are zero. 
When n is even, many products are zero but certainly not all of them. 

5. First Construction of P n F 

We still need to add teeth to Cor. 12.61 above by furnishing a functorial construction 
of P n F for general F with the desired properties. We begin with a description of 
P n F in the non-fiberwise case (B = *) that the author learned from Greg Aronc. 
Broadly, this is the cellular approach and our second construction below is the 
simplicial approach. 

Let F : Tg? — > T be a contravariant homotopy functor from finite based spaces to 
based spaces. We want to construct another functor P n F that agrees with F on the 
spaces R* >n with at most n points. A reasonable guess is to take a Kan extension 
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from R*.„ back to all of 7fm- In fact, if we assume in addition that F is topological 
(enriched over spaces) and that we take the homotopy right Kan extension over 
topological functors, then we get the right answer. 

We can give P n F more explicitly as follows. Let G n = R*. n be the category of 
finite based sets i + = {1, . . . with < i < n and based maps between them. 
For a fixed finite based space X, define two diagrams of unbased spaces over G° p : 

i + ^X l = Mn Pt (i + ,X) 

i+ ~» F(i+) 

Then consider the space of (unbased!) maps between these two diagrams 

P n F(X) I Map G op(X\F(! + )) 

Note that since F is topological, there is a natural map from F(X) into this space. 
Furthermore, this map is a homeomorphism when X = i, for < i < n, since 
then the diagram X 1 is generated freely by a single point at level i + , corresponding 
to the identity map of i,. This is good, but we have missed the mark a little bit 
because this construction is not n-excisive in general. 

To fix this, we take the derived or homotopically correct mapping space of diagrams 
instead. We could do this by fixing a model structure on G° p diagrams in which 
the weak equivalences are defined objectwise. Then we would replace {X 1 } by a 
cofibrant diagram and {F(i + )} by a fibrant diagram. The space of maps between 
these replacements is by definition the homotopically correct mapping space. 

More concretely, we can fatten up the diagram {X 1 } to the diagram 

i, ~> hocolim X 3 

-+ j + e(G°p, 1+ ) 

and leave {F(i + )} alone. Then the above conditions are satisfied for the projective 
model structure defined above in section [37T1 This standard thickening is sometimes 
called a two-sided bar construction [28] |35j . 

Equivalently, we can leave {X 1 } alone and fatten up {F(i + )} to 

i, holim F(j ) 

~ + i + e(i + ,GS p ) -+' 

Then the above conditions would be satisfied for the injective model structure, if it 
existed. Note that the two spaces we get in either case are actually homeomorphic: 



P n F(X) = Map G o P 



hocolim X J ,F(i, 



= Map G °p 



X\ holim F(i.) 



Take either of these as our definition of P n F(X). The natural map F(X) — > 
P n F(X) can be seen by taking the previous case and observing in addition that 
there are always natural maps 

hocolim — > colim or lira — > holim 
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Consider the second description 

P n F(X) = Map G =P 

Now it is clear that 



X\ holim F(i.) 



P n F(i + ) F(i + ) holim F(j ) 

i + e(i + ,G„ ) 

under f so i* 1 — >■ P n .F is an equivalence on spaces with at most n points. 
Next, consider the first description 



P n F(X) = Map G =P 



hocolim X J ,F(i,] 



Remembering that X is a CW complex, the diagram on the left is a CW complex 
of diagrams. It has one free cell of dimension d+mat the vertex i , for every choice 
of d-ce\\ in X^ and choice of m-tuple of composable arrows 



l + =lo+ — > ii . 



Therefore the techniques of section 13.21 above tell us that P n F is n-excisive. This 
completes the proof that n-excisive approximations exist for topological functors 
from based spaces to based spaces. 

The assumption that F is topological is not a very strong one, assuming that F 
is a homotopy functor. To see this, first define as below (|6.5[) as the category 
of nondegenerate simplices A p — > X . A map from A p — X to A 9 — X is a 
factorization A q <—} A p — > X, where A 9 c — > A p is a composition of inclusions of 
faces. The classifying space |A^| is homcomorphic to the thin geometric realization 
of X. 

Even when F is not topological, each map A p , A Y — > X gives a map 

A^ A F(X) F(X) — ► F(A^ A Y) 
which assemble into a zig-zag 

F(X) — > holim F(A P , AKlA holim F(Y) 

And A nd 

Map^(y 7 X) Map^F.X) 

S MapdA^^jl.f (r)) ^- Map(Ma Pst (y,X),f (Y)) 

assuming Map^(Y, X) has the homotopy type of a CW complex. So we don't quite 
get a map from F(X) to the far right-hand side, but we get something close enough 
for the purposes of homotopy theory. In particular, setting Y — i, we get a natural 
zig-zag 

F(X)—>...^Map(X i ,F(i + )) 

and therefore we get a natural zig-zag from F(X) to P n F(X), which gives a nat- 
ural map F — > P n F in the homotopy category of functors. This map is still an 
equivalence when X has at most n points, because in that case the homotopy limits 
become ordinary products and we can use the same argument as above. 
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So much for the assumption that F is topological. Once we have the case where 
F takes based spaces to spaces, we can also easily handle the case when F takes 
based spaces to spectra. Simply post-compose F with fibrant replacement of spec- 
tra, and work one level at a time. This works because every stable equivalence of 
fibrant spectra gives a weak equivalence of spaces on each level. The above con- 
structions naturally commute with taking the based loop space CI, so they pass to 
a construction on spectra. 

If F is defined on unbased spaces then we make the same construction, except that 
we replace G„ with the category of finite unbased sets F„. Using Prop. 12.51 above, 
we have finished the proof of the following: 

Theorem 5.1. If F : C — > V is a homotopy functor, where C = Wfi n or 7fi n 
and T> = T or Sp, then there is a universal n-excisive approximation P n F , and 
F — > P n F is an equivalence on spaces with at most n points. 

We will reprove and extend this result in Theorem 17.11 below . 

5.1. On Fiberwise Spaces. More generally, if F takes retractive spaces over B to 
spaces, then we expect P n F(X) to be some kind of mapping space from a functor 
represented by X into F. This is more difficult now because the various retractive 
spaces i B = i II B have a topology. For each value of i, the collection of all spaces 
of the form i B can be identified with 

Map(i, B) = B' 

If X is a retractive space over B then X % is a retractive space over B % . So it is 
natural to look at maps from X % to a bundle over B % whose fiber is F(i B ). When 
F(X) was QMa.p B (X, E) , this bundle was Q B i(E l ). In general, one might try to 
assume something stronger than F being topological, something that ensures the 
existence of a bundle 

F(i B ) -£(i) 

B> 

and a continuous map 

F(X) —►Map*! (*',£(»)) 

It seems more reasonable to assume only that F is a homotopy functor and to define 
a zig-zag of maps connecting the two together. 

In addition, one needs to relate these mapping spaces together for varying i. The 
bundles are already handling the information of the map i — > B, so we throw 
that information out. Let Ub,„ be the category of spaces under B of the form 
Lb = i II B. That is, a map i B — > j B under B is required to send B to B by the 
identity map, but the points of i can go to any of the points in j or anywhere in B. 
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Note that Ub,„ has a discrete set of objects, but the morphisms are enriched over 
spaces. 

The spaces {X 1 } form an enriched diagram indexed by \Jb,u that contains the 
diagram {B 1 } as a retract. So we should define our bundles F_(i) so that they form 
a \Jb,u diagram that also contains {B 1 } as a retract. Then we can define 

P n (X)lMap (u op nj{flj}) (X i ,£(i)) 

as the space of maps of topological diagrams over (but not under!) the diagram 
{B 1 }. The question mark reminds us that, as before, we need to fatten up one side 
or the other to get the correct definition. 

Unfortunately, we do not have a construction of the bundle F_(i) that satisfies all 
of these properties. We will give a construction that falls a bit short of the mark, 
and use it to motivate a more simplicial construction of P n F in us 

First we construct a space over the simplicial fattening | A^j | of B*, simply by 
taking the homotopy colimit of the diagram 

A p — >B l F((A P xj)I1B) 

This space is a quasifibration ( [33], p. 98 and [16], 3.12) over the space 

|A^| hocolim* 

We want to push this forward along / : |A^| —> B % to a fibration over B l . One 
way to do this is to replace the quasifibration by a fibration, then pull back along 
some homotopy inverse g : B l — > |A^|. This is good enough when dealing with 
just one bundle, but we would like a functorial construction to apply to all values 
of i. 

A better approach is to observe that the pullback operation /* has a left adoint 
f\. Even more, the two form a Quillen equivalence between retractive spaces over 
| A^ | and retractive spaces over B 1 . This is true for a few different model structures 
( [1H]: 7.3.5). Here we will take the g-model structure on TZb, which is determined 
by the forgetful functor TZb — > U. So a weak equivalence between fibrations over 
B induces an weak equivalence on each fiber. Therefore we take the g-cofibrant 
replacement of the bundle above, push it forward using ft, and then take the q- 
fibrant replacement of the result. This gives a functorial construction of a fibration 
over B l whose fiber has the homotopy type of F(i B ). 

The drawback is that at least two of our constructions, the homotopy colimit over 
A^S and the g-cofibrant replacement, do not define continuous functors. Therefore 
we only get a natural map 

F(X)^Ma P(u o B P n!{Bi}) (X i ! £(i)) 

if we interpret the right-hand side as maps of unenriched diagrams, or equivalently 
if we interpret XJb.ji as being discrete. This issue goes away if instead F is a 
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functor from unbased spaces over B, since we would replace Us.n by the discrete 
category P„ of finite unbased sets with at most n points. Still, we will not finish 
this argument in that case since our second construction in section [JJ below will 
take care of it. 

To motivate this second approach, notice that we did not have to push forward from 
A 1 ^ | to B l . Instead, we could have looked at diagrams over {|A^ |} corresponding 
to X 1 and F_(i). Roughly, this is expressed as a homotopy limit 

holim F((i x A P ) B ) 

Apxi — >X 

We will pursue this more in section [JJ 

5.2. Higher Brown Representability. Before we move on, we should point out 
that this first construction is better suited to proving a kind of Brown Repre- 
sentability for homogeneous n-excisivc functors. Let F : C — > D be a homotopy 
functor as in Thm. 15.11 above; the source is based or unbased spaces and the target 
is based spaces or spectra. Then F is n-reduced if P n _iF ~ *, or equivalently if 
F(X) ~ * whenever X is a space with at most (n — 1) points. Note that 

F n (X) := hofib (F(X) — ► P„_rF(X)) 

is always n-reduced, and F n (n) is the cross effect cross n -F(l_, ... ,1) defined below 
in section [8] 

We say that F is homogeneous n-excisive if it is n-excisive and n-reduced. So 
D n F(X) = hofib (P n F(X) — > P n ^iF(X)) is always homogeneous n-excisive. Ho- 
mogeneous 1-cxcisivc functors are a good notion of space- valued or spectrum- valued 
cohomology theories. From numerous sources (e.g. [7J, [14], [29]) we expect such 
cohomology theories to be represented by spaces or spectra. 

Examining the construction of P n F in this section, we see that P n F(X) — > 
P„-iF(X) is a Serre fibration when X is a CW complex. Therefore the ordinary 
fiber is equivalent to D n F. This can be rephrased as the following: 

Proposition 5.2. • If F : Li — > T is an n-reduced homotopy functor then 

there is a natural map 

F(X) — > D(X) := Map„(X"/A,F(n)) s " 

in the homotopy category of functors on Li. If F is homogeneous n-excisive 
then this map is an equivalence. 

• If F : T — > 7~ then the same is true for 

F(X) — > D(X) := Map,(X A "/A,P(n + )) s " 

• Analogous statements hold when the target of F is spectra. 

Remark. If the source of F is Us^n then the analogous statement should have 
D(X) = Ma Ps „ ((X n , A), (£(n), 
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and if the source is retractive spaces 7Zs,fin then the standard form should be 

D{X) = Map B „ (pf B n U A), (F(n), B n )f" 

where A is the external smash product defined above in !3.2l We do not prove these 
statements here. 

We will now strengthen this to an equivalence of homotopy categories. Let G 
be a finite group. Recall that the usual notion of G-equivalence of G-spaces is an 
equivariant map X — >■ Y which induces equivalences X H — > Y H for all subgroups 
H < G. We will call an equivariant map X — > Y a naive G-equivalence if it is 
merely an equivalence when we forget the G action. It is well known that there are 
at least two cofibrantly generated model structures on G-spaces, one which gives 
the G-equivalences and one which gives the naive G-equivalences. 

Examining the behavior of D(X) on the spaces i or i + for i < n, it is clear that the 
homotopy type of D(X) is determined by the nonequivariant or naive homotopy 
type of F(n) or F(n + ). The following is then straightforward: 

Proposition 5.3. The above construction gives an equivalence between the homo- 
topy category of homogeneous n-excisive functors to spaces and the naive homotopy 
category of ' E„- spaces. A similar statement holds for functors to spectra. 



6. Properties of Homotopy Limits 

In order to carry out our second construction of P n F, we need a small collection of 
facts about homotopy limits. This section is expository except for Prop. 16.81 

Let [n] denote the totally ordered set {0, 1, . . . , n} as a category. Let A[p] denote a 
p-simplex as a simplicial set, and let A p = |A[p]| denote its geometric realization. 
Recall [3] that if A : I — > Top is a diagram of spaces, the homotopy limit is defined 
to be 

hohmAc J] Map„(A",A( 5 (n))), 

g:A[n] — >NI 

the subset of all collections of maps that agree in the obvious way with the face 
and degeneracy maps of the nerve NI. The following is perhaps the most standard 
result about homotopy limits, and we have already used it several times. It is 
included here for completeness. 

Proposition 6.1. If A, B : I — > T are two diagrams indexed by I, and A — > B 

is a natural transformation that on each object i £ I gives a weak equivalence 
A(i) — > B{i), then it induces a weak equivalence 

holimA — > holimB 
I I 
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Recall that if I J is a functor and A : J — > T is a diagram of spaces, then 
there is a naturally defined map 

holim A — > holim (A o a) 
j i 

The functor I J is homotopy initial (or homotopy left cofinal) if for each object 
j G J the overcategory (a J. j) has contractible nerve. Then we have the following 
pair of standard facts: 

Proposition 6.2. • If I J is homotopy initial and A : J — > T is a 

diagram of spaces, then 

holim A — > holim (A o a) 
j i 

is an equivalence. 

• If I -^-> J is the inclusion of a subcategory and A : J — > T , then 

holim A — > holim (A o a) 
j i 

is a Serre fibration. 

In practice, we use these easy lemmas to check that a given functor a is homotopy 
initial: 

Lemma 6.3. Each adjunction of categories induces a homotopy equivalence on the 
nerves. 

Corollary 6.4. • If (a \, j) is related by a zig-zag of adjunctions to the one- 

point category *, then its nerve is contractible and therefore a is homotopy 
initial. 

• If {a \, j) has an initial or terminal object then a is homotopy initial. 

• If a is a left adjoint then it is homotopy initial. 

Here's an interesting example of a homotopy initial functor that we will use fre- 
quently: 

Definition 6.5. • If X is a space, let denote the category of nonde- 

generate simplices A p — > X. A map from A p — > X to A 9 — > X is a 
factorization A 9 M> A p — > X, where A 9 <—t A p is a composition of inclu- 
sions of faces. The classifying space of AJ^ is homeomorphic to the thin 
geometric realization of X 1 : 

BAjs = |sd(s.(jr))| ^ \s.{x*)\ = \(s.xy\ = \S.X\* 

• Let Ax be the category of all (possibly degenerate) simplices in X, with 
face and degeneracy maps between them. Then the inclusion A^ 1 — > Ax 
is a left adjoint, therefore homotopy initial. 

• If X. is a simplicial set, there are obvious analogues of A^ 1 and Ax. ■ As 
before, the inclusion A"^ c -s> Ax. is a left adjoint, therefore homotopy 
initial. 
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The next fact is about iterated homotopy limits; we recall the colimit version first. If 
F : I — > Cat is a small diagram of small categories, the Grothendieck construction 
gives a larger category IfF, whose objects are pairs (i,x) of an object i 6 I 

and an object x £ F(i). The maps (i,x) — > (j,y) are arrows i — > j in I, and 
arrows F(f)(x) — > y in F(j). Then Thomason's Theorem is a standard fact that 
a homotopy colimit of a diagram A : I J F — > T is expressed as an iterated 
homotopy colimit: 

hocolim A ~ hocolim ( hocolim A 

IfF iei \ F(i) 

To formulate the result for homotopy limits, we again let F : I — > Cat be a small 
diagram of small categories. Then the reverse Grothendieck construction gives a 
larger category I J B ' F, whose objects are again pairs (i,x) of an object i G I and 

an object x £ F(i). The maps (i,x) — > (j>y) are arrows j — > i in I, and arrows 
x — > F(f)(y) in F(i). Note that this is related to the original Grothendieck 
construction in that 

IfV = (I/(opoF))°P 

Proposition 6.6 (Dual of Thomason's Theorem). For a diagram A : I J R F — > T 
then there is a natural weak equivalence 

holimA — > holim holimA 

This is known and a careful proof is given in [34]. The proof starts with the 
observation that the big homotopy limit is a homotopy right Kan extension, which 
is a composite of two homotopy right Kan extensions: 

holim A ~ holim ( holim A 

where II : I J R F — > I op is the obvious forgetful functor. Then we can show that 
the functor 

F(j) — > (j op I n) 

is a left adjoint, therefore homotopy initial, so the homotopy limit on the inside 
becomes holim A. Strictly speaking, this only shows that there is a zig-zag of weak 

equivalences connecting holim A to holim holim A ) . The obvious map between 

1 jr f ie iop y F{i) J 

them does not make this zig-zag strictly commute, though Schlictkrull shows in |34j 
that it commutes up to homotopy. That's good enough to show that the natural 
map is also a weak equivalence. 

In practice, we will come upon homotopy limits that are indexed by forwards 
Grothendieck constructions I J F instead of reverse ones. Here we can still prove 
that the homotopy limit splits, but the result is more complicated. 
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Definition 6.7. If I is a category, the twisted arrow category al has as its objects 
the arrows i — > j of I. The morphisms from i — > j to k — > £ are the factorizations 
of k — > I through i — > j : 

i •< k 



J *-t 

Proposition 6.8. Given a diagram A : I J F — > T there is a natural weak equiv- 
alence 

holim A holim I holim A o F(f) I 

I f F ., c j V F(i) J 



Remark. This result is motivated by a result of Dwyer and Kan on function 
complexes [17] ■ Roughly, the left-hand side is the space of maps between two 
diagrams indexed by I. The first diagram sends i to the nerve of F(i), while the 
other sends i to A(i). Mapping spaces of this form, if they are "homotopically 
correct," are equivalent to a homotopy limit of mapping spaces Ma.p(NF(i), A(j)) 
over the twisted arrow category al; this is roughly what we get on the right-hand 
side. 



Proof. Recall that we already have a functor F : I — > Cat. Define another 
functor (aI) op — > Cat by taking i — > j to F(i), and call this functor F by abuse 
of notation. Then we can build the reverse Grothendieck construction (aI) op / F. 

The desired weak equivalence is the composite 

holim A — > holim Aoa — > holim [ holim A o F(f) 

IJF (aI)oP/«F (< 4 j)eoI V F W 

The second map is a weak equivalence by the dual of Thomason's theorem, stated 
above. The first map is induced by pullback along a functor 



(aI)° F 



F 



I F 



and it suffices to show that this functor is homotopy initial. Specifically, a does the 
following to objects and morphisms: 




x e F(i)) 



F(g)(x') e F(i) 
A 

F(g) 



(i, 



x'eF(i')) - ^ ^(f, 



F(f)(x) G F(j)) 

F(h) 

F(hf)(x) G F(f) 

F(hf) V 

F(f')(x') G F(f)) 
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Fix an object (£, z 6 F(£)) in the target category I J F. We'll show that the 
overcatcgory (a ], (£,z)) is contractiblc. A typical map between objects of this 
overcategory is given by the data 



(i 



F(vf) 

xeF{i) W > F(pf)(x) 



z) 



(/' 



9 


h 


., f 


1 P' n 



F(g)(x>) g F(i) 



F(pf) 



x'eF(i') ^ P -i f X F{p'f){x') 



z) 



where everything commutes. Let J be the subcategory of (a I {£,z)) consisting of 
objects for which j = £ and p is the identity. Then there is a projection P : (a 1 
(£, z)) — > 3 which is left adjoint to the inclusion / : J — > (a l (£,z)). We can 
exhibit P and the natural transformation from the identity to / o P in the following 
diagram: 



(i 



F(pf) 

xeF(i) m lF( P f)(x) 



z) 





p 


. pf ' 






F(pf) 

x£F(i) m lF(pf)(x) 



z) 



To check the adjunction, it sufhees to check that a map from any object of (a J, 
(£, z)) into an object of J factors uniquely through this projection. Once this is 
checked, the next step is to show that J has an initial subcategory K. A typical 
object of K is given in the hrst row below. 



(i 



f 




. f 





F(f)(x) £ F(£) 



F(f)(x) e F{£) 

A 

> F(f) 



id 



z) 



id 



xeF(t) - F(f l> F(f)(x) 



z) 



The rest of the diagram justifies the claim that K is initial. Finally, K is isomorphic 
to the category of objects over z in F(£), which has terminal object z. We have 
completed a zig-zag of adjunctions between (a | (£, z)) and *, so {a -I {£, z)) is 
contractible. Therefore a is homotopy initial and the equivalence is complete. 

The equivalence is clearly natural in A, but it is also natural in F in the following 
sense. A map of diagrams of categories F G gives a map I J F I J G, so 
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a diagram A : I J G — ► T can be pulled back to 1/ F. Our equivalence then fits 
into a commuting square: 



holim (I f n)*A 

IJF 



holim A 



holim (holim((I/7 ? )*A)oF(/) 



holim ( holim A o G(/) 



□ 



Lastly, we want a result on diagrams A : J — > T for which every arrow i — > j 
induces a weak equivalence A(i) — > A(j). Call such a diagram almost constant. 
Of course, if A is a constant diagram sending everything to the space X, then its 
homotopy limit is 

holim A = Ma,p(B3,X) 

where B3 = \NJ\ is the classifying space of J. If A is instead almost constant, then 
we get (see [14]. [i"6]) 

Proposition 6.9. If A : J — > T is almost constant, then there is a fibration 
Ea — > BJ and a natural weak equivalence 

holim A ^T B j(E A ) 
j 

Moreover, if I — » J is a functor then there is a homotopy pullback square 

EAoa Ea 



BI ^BJ 

Corollary 6.10. If A : J — > T is almost constant, and I — > J induces a weak 
equivalence BI — > BJ, then the natural map 

holim A — > holim (A o a) 
j i 

is a weak equivalence. 

7. Second Construction of P n F: The Higher Coassembly Map 

Here we will describe how to construct P n F{X) as a homotopy limit 

P n F(X) = A holim^ F{i x A p ) 

When n = 1 and F is reduced, this construction is essentially the same as the 
coassembly map described in |14j . The coassembly map is formally dual to the 
assembly map ( [37]) often found in treatments of algebraic K-thcory. 
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We will prove that our construction of P n F satisfies four properties: 
(f ) P n F is a homotopy functor. 

(2) P n F takes pushout cubes whose dimension is at least n + 1 to Cartesian 
cubes. 

(3) If X is a CW complex then P n F{X) — > holim P n F{X') is an 

X'GX finite complex 

equivalence. 

(4) F — > P n F is an equivalence on R° p n or 0° p n . 

For functors on finite CW complexes, conditions (1), (2), and (4) are enough to 
imply P n F is the universal n-excisive approximation of F. Condition (3) is a bit 
weaker than the standard condition that filtered homotopy colimits go to homotopy 
limits; it is here because the technology we need for (2) happens to make (3) easy. 

There are 8 different setups we might consider, based on whether B is a point or 
not, the spaces over B are fiberwise based (retractive) or unbased, and F goes 
into spaces or spectra. We will first handle all cases where the spaces over B are 
unbased. Then we'll handle all cases where B = * and the spaces over B are based. 
Together this gives an extension and a second proof of Theorem 15.11 above: 

Theorem 7.1. If F : C — > T> is a homotopy functor, where C = Ws.b„ or Tk n 

and T> = T or Sp, then there is a universal n-excisive approximation P n F, and 
F — > P n F is an equivalence on spaces with at most n points. 

Finally, in section 18.21 below we will do the case of functors from retractive spaces 
over B to spectra. We do not have a method that works for retractive spaces over 
B to spaces. 

Here is the the general approach. If F is a functor into spaces, we define P n F as 
a homotopy limit of values of F on spaces equivalent to those that have at most n 
points. It is approximately the same thing as restricting F to spaces with at most 
n points and then taking a right Kan extension back to all spaces; this is why we 
expect (4) to be true. Since homotopy limits commute, the construction commutes 
with O and so it yields a valid construction when F is a functor into spectra. 

From the definition it is not obvious that P n F is a homotopy functor. We use Prop. 
16.81 to put P n F into a form which is homotopy invariant by Prop. 16.101 Finally, 
(3) is an easy consequence of the dual of Thomason's theorem (Prop. I6.6() . while 
(2) becomes an easy consequence once we transfer our constructions from spaces to 
simplicial sets. 

7.1. P n F for Unbased Spaces over B. Let Cs. n denote a subcategory of sim- 
plicial sets over S B consisting of objects of the form 

i x A[p], p > and < i < n. 
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Specifically, we take one such object for each choice of p and i, and each choice of 
map of simplicial sets ix A[p] — > S.B. We do not take the full subcategory on 
these objects. Each map 

1 x — >i x A[p] 

must be a product of a single simplicial map A[q] — > A[p] and a map of finite sets 
j — ► i. Intuitively, Cb,u is a simplicial fattening of Os ; „. 

Now let F be any contravariant homotopy functor from unbased spaces over B to 
spaces or spectra. If F is a functor to spectra, compose it with fibrant replacement. 
This gives an equivalent functor that takes weak equivalences of spaces to level 
equivalences of spectra, and we can argue one level at a time. So now without loss 
of generality, F is a homotopy functor to based spaces. 

If X. is a simplicial set over S.B, define 

P n F(X.) = holim F(i x A p ) 

Abusing notation, define P n F on spaces as the composite 

U B A sSet/ S.B ^ T 

or more explicitly, 

P n F(X) = holim F(i x A p ) 

{C b ,US.X)°p 

The natural transformation F -^4> P n F is then induced by a collection of maps 
F(X) — > F(i x AP) for each map ixA? — > X. 

When X = i, the object i x A[0] ^> S.i is initial in (Cb^ 4- S.i) op , so the 
homotopy limit is obtained by evaluating at this initial object (Prop. 16.21) . This 
proves property (4), that F — > P n F is an equivalence on 0^ p n . 

Next we'll tackle property (1), that P n F is a homotopy functor. 

Definition 7.2. Let F„ = 0* n be the category of finite unbased sets 0, . . . ,n and 
all maps between them. 

Notice that we can define a functor A : F° p — > Cat taking i to Aj. . Each map 
i i — j goes to the functor Ax * — > A x j arising from the map X] — > X 3 , whose 
definition is obvious once we observe that X % = Map(i, X). Now take the forwards 
Grothendieck construction F° p J A. This is a category whose objects are elements 
Xp and whose morphisms X p — > X 3 q are compositions of maps X % — > X 3 from 
above and maps X^ — > X 3 q which are compositions of face and degeneracy maps. 
Equivalently, the objects can be described as maps 



A[p] x i — > X. 
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and the morphisms are factorizations 

A[p] x i 



A[q 



X J 



X. 



X. 



in which the vertical map is a product of j — > i and some simplicial map A[q] — > 
A[p]. This is clearly the same category as (C^ p n 4- ^O op , so we have a new way to 
write our definition of P n F(X.): 

P n F{X.) = holim F(i x A p ) 



Now Prop. 16.81 gives the following: 

holim F(A P xi)~ holim I holimFfj x A p ) I 

F„/A X1 -' j)6oPy ^ A x , V - ') 

The term inside the parentheses can be rewritten 

holim F(J x A p ) ~ holim F(j_ x A p ) 

and this defines a homotopy functor in X. by Prop. 16.101 The homotopy limit of 
these is also a homotopy functor, and using the naturality statement in Prop. I6.8l we 
conclude that P n F{X.) is a homotopy functor. In fact, we have proven something 
stronger than (1), that P n F actually takes weak equivalences of simplicial sets to 
weak equivalences. 

Now we can prove (2). From [5D], each strongly co-Cartesian cube of spaces over 
B is weakly equivalent to a pushout cube formed by a cofibrant space A and an 
(n + l)-tuple of spaces Xq, ■ ■ ., X n over B, each with a cofibration A — > Xj. 
Applying singular simpliccs S. , we get a cube of simplicial sets 

T^s.njxA 

where the 1J is shorthand for pushout of spaces along A. We can show that this 
cube is equivalent to the pushout cube of simplicial sets 

T ^ |J S.X S 

where the (J is shorthand for pushout of simplicial sets along S.A. There is a 
natural map from the latter to the former. Inductively, this is an equivalence for a 
given subset T C S, and then we show that it is an equivalence for TU {t} C S by 
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comparing these two homotopy pushout squares: 

\S.A\ \S.X t \ A 



|U sS t S - X s 



u 



s6TU{t} 



S.X. 



x. 



UseTu{t} X s 



The natural map from the first to the second is a weak equivalence on the first 
three vertices. Therefore the natural map is a weak equivalence on the last vertex 
as well. This equivalence factors as 



U S.X t 



sGTU{t} 



s. |J x t 

s£TU{t} 



U *. 



sSTU{*} 



so by 2 out of 3, the desired map Usgtu{*} 
equivalence. 



S.X f 



S.\J 



s£TU{f} X a 



is an 



This completes the induction. We can replace our cube with a pushout cube of 
simplicial sets. Since P n F is a homotopy functor on simplicial sets, applying P n F 
to both cubes gives equivalent results. Therefore it suffices to show that P n F takes 
a pushout cube of simplicial sets to a Cartesian cube of spaces. 

So let S by any set with cardinality strictly larger than n, let A G sSet be a 
simplicial set, and for each element s G S, let X s G sSet be a simplicial set 
containing A. Then there is a pushout cube which assigns each subset T C S to the 
simplicial set {J t£T X t , which is shorthand for the pushout of the X t along A. We 
want to show that P n F takes this to a Cartesian cube; in other words, the natural 
map 



holim F(i x A p ) — > holim 

A[p]xi^Us x = (TCS)°p 



holim F(i x A p ) 

A[p] xi— >|Jt X a 



is an equivalence. Using dual Thomason, we rewrite the right-hand side as 

holim F(ixA p ) 

{T,A\p}xi^U T X s ) 

where each object of the indexing category is a proper subset T C S, integers p > 
and < i < n, and a map A[p] xi4 [J T X S . A map between two objects looks 
like 



subset 



U. 



i x A\p] 
J x A[q] 



Ut 
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This category maps forward into F° P J Anj x s y, m which a map between two 
objects is given by the data 

ixA\p] ^{J S X S 



j_xA[q] *\J s X a 

This functor a forgets the data of T and includes 1J T X\ into [j s X l s . The natural 
map of homotopy limits 

holim F(i x A p ) — > holim F(i x A p ) 

A[p]xi-+\J S X s (T,A[p}xi-^\J T x s ) 

is induced by a pullback of diagrams along a, so we just have to show that a is 
homotopy initial. Given an object j x A[q] \J S X s in the target category, the 
overcategory (a \. (p) has as its objects the factorizations of if 

I x A[q] — > i x A[p] — ► |JX S — ► [J X 3 

T S 

where T C S must be a proper subset of S. 

Let us give a terminal object for this overcategory Since we are working with 
simplicial sets instead of spaces, each <j-simplex lands inside one of the sets X s in the 
pushout. Therefore there is a smallest subset T C S such that j x A[q] (J s X s 
lands inside 1J T X S , and since j < n < \S\, this subset is proper. This gives a 
terminal object for the overcategory (a 1 ip), so it's contractible, which finishes (2). 

Finally we check (3). Let X be a CW complex. We want to show that the natural 
map 

holim F(i x A p ) — > holim [ holim F(i x A p )) 

A[p]xi->S.X (finite X'CX)°-p \A\p]xi-+S.X' J 

is an equivalence. Using dual Thomason, we rewrite the right-hand side as 

holim F(i x A p ) 

(finite X ' CX, A [p] x i-> S. X ' ) 

where each object of the indexing category is a finite subcomplex X' C X, integers 
p > and < i < n, and a map A[p] x i — > S.X'. A map between two objects 
looks like 

X', i x A[p] S.X' 

inclusion 



X" 1 



j x A[q] ^ S.X 
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This category maps forward into F° p J Ats.xy , m which a map between two objects 
looks like 

i x A[p] ^ S.X 

i x A[q] S.X 

This functor a forgets the data of X' and includes X' into X. The natural map of 
homotopy limits defined above is again induced by a pullback of diagrams along a, 
so we just have to show that a is homotopy initial. Given an object j xA[q] — S.X 
in the target category, the overcategory (a 4- f) has as its objects the factorizations 
of ip 

i x A[q] — > i x A\p] — » S.X' — ► S.X 

where X' C X must be a finite subcomplex. But of course each g-simplex lands 
inside a unique smallest subcomplex; taking the union over all j gives a smallest 
finite subcomplex containing the image of A q x j . This gives a terminal object for 
the overcategory (a lip), so it's contractible and we are done proving (3). 

7.2. P n F for Based Spaces. The argument mimics the one above, so we will 
only point out what is different. The category C„ becomes a subcategory of based 
simplicial sets consisting of objects of the form 

(i x A[p}) + , p > and < i < n. 

with one such object for each choice of p and i. Each map 

(j x A[g])+ — ► (| X A\p]) + 

is a choice of simplicial map A[q] — > A[p] and map of finite based sets j — ► i + . 
Intuitively, C„ is a simplicial fattening of R*,„ = G„. If X. is a based simplicial 
set, define 

P n F(X.) = holim F((i x A p )+) 
Abusing notation, define P n F on spaces as the composite 

T sSet* ^4- iSp 

The category F„ of finite sets is replaced by the category G„ of finite based sets. 
As before, there is a functor A : U° p n = G° p — > Cat taking i + to Aj. , and we 
can rewrite P n F(X.) as 

P n F(X.) = holim F((i x A p ) + ) 

G° p /A 

To show that P n F is homotopy invariant we rewrite it as 

holim F (A p x i) ~ holim [ holim x A p )+) | 
which proves (1). The proof of (2) and (3) is the same as in the unbased case. 
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7.3. Difficulties with Retractive Spaces over B. The above proof fails for 
retractive spaces over B. The clearest generalization is to define Ug n J A and 
then to define P n F as a homotopy limit over this category. The proof of (1), (2) 
and (3) is then straightforward. However, (4) fails because there aren't enough 
maps in Ug n J A to make our desired object initial. 

Examining the failure, it seems one must enrich U^ p n and use an enriched version 
of the above theorems on homotopy limits. In order to define P n F here, one must 
deal with the concept of a "diagram" that is indexed not by a simplicially enriched 
category but by a simplicial object in Cat. We will avoid doing this, and instead 
we will handle the case of F : TZb — > Sp in section 15721 using splitting theorems 
that only hold for functors into spectra. 

8. Spectra and Cross Effects 

From here onwards we will only consider functors from retractive spaces over B 
to spectra. In this section the word spectra will refer to prespectra, though the 
arguments will also work for coordinate-free orthogonal spectra that have non- 
degenerately based levels [27]. Let fib denote homotopy fiber and cofib denote 
(reduced) homotopy cofibcr. For spaces, these have the usual definition 

fib(i^y) = ix y Ma P ,(j,y) 

cofib {X — > Y) = (X A I) U X Y 
and for spectra these definitions are applied to each level separately. 

We begin this section with some standard facts about spectra and splitting. Recall 
that the natural map XVY — > X x Y is an equivalence when X and Y are spectra. 
Comparison of cofiber and fiber sequences of spectra then gives the following: 

Proposition 8.1. Suppose that X , X' , and Y are spectra with maps 

X Y -A X' 

such that p o i is an equivalence. Then there are natural equivalences of spectra 

X V fib (p) Y X x cofib (i) 
which also yield an equivalence fib (p) cofib (i). 
Corollary 8.2. If X is a retract ofY then Y ~ X V Z where 

Z ~ fib (Y — > X) ~ cofib (X — > Y) 
Corollary 8.3. If X is a well-based space then there is a natural equivalence 

~ V S°) 

Corollary 8.4. // K { ° p) -A Sp is any covariant or contravariant functor then 
there is a splitting of functors 

F(X) ~ F(B) x F(X) 
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where F{X) can be defined as the fiber ofF(X) 



F{B) or the cofiber ofF(B) 



F(X). This also holds if F is only defined on finite CW complexes. 

We want a slight generalization of these results to n-dimensional cubes of retracts. 
First recall the higher-order versions of homotopy hber and homotopy cofiber from 
|20| . If F is a n-cube of spectra then we can think of it as a map between two (n— 1)- 
cubes. The total homotopy fiber tfib (F ) is inductively defined as the homotopy fiber 
of the map between the total homotopy fibers of these two (n — l)-cubes. For a 
0-cube consisting of the space X, we define the total fiber to be X. Therefore the 
total fiber of a 1-cube X — > Y is fib (X — > Y). 

The total homotopy cofiber tcofib (F) has a similar inductive definition. Recall 
from [2U] that a cube is Cartesian iff its total fiber is weakly contractible, and co- 
Cartesian iff its total cofiber is weakly contractible. From this it quickly follows 
that a cube of spectra is Cartesian iff it is co-Cartesian. 

If F is a functor 1Z°g — > Sp, the nth cross effect CTOSs n F(Xi, . . . ,X n ) is defined 
as in [2T] to be the total fiber of the cube 



whose maps come from inclusions of subsets of n. Here the big union denotes 
pushout along B; one can think of it as a fiberwise wedge sum. Since F is con- 
travariant, the initial vertex of this cube corresponds to the full subset S = n. Note 
that there is a natural map 



Similarly, the nth co-cross effect cocross n i ;l (X 1 , . . . , X n ) is defined as in |30j and [B] 
to be the total cofiber of the cube with the same vertices 



where the maps come from the opposites of inclusions of subsets of n. Each inclusion 
S C T results in a collapsing map 






which becomes 
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Note that the final vertex of this cube corresponds to S = n, so there is a natural 
map 

F I |J Xi J cocross„F(X 1 , . . . ,X n ) 

It is known that the cross effect and co-cross effect are equivalent, when F is a 
functor from spectra to spectra ( [6], Lemma 2.2). A similar argument gives the 
following. 

Proposition 8.5. IflZ°g — Sp is any contravariant functor, then the composite 
cross„F(X 1 , . . . , X n ) F |J XA cocross„F(X 1 , ...,X n ) 

\iGn J 

is an equivalence. Furthermore, F([jXi) splits into a sum of cross-effects: 
F I |J XA ~ n cocrosS| g |F(X s : s e S) 

\i£n I SCn 

~ J cross, S \F(X S : sE S) 

SCn 

~ Y crosS| S |F(X s : s E S) 

SCn 

The analogous result also holds for covariant functors, and for functors defined only 
on finite CW complexes. 

Remark. This does not assume that F is a homotopy functor. 
The argument is by induction on n. We form the maps 

\f crosS| S |F(X s :seS) — >W[J X M — >I1 cocrosS| S | J F 1 (X s : s E S) 

SCn \iCn J SCn 

and observe that the composite is an equivalence. Therefore the middle contains 
either of the outside terms as a summand. We use the alternate definitions of 
tfib and tcofib found in [20] to identify the leftover summand with crosS|s|-F and 
cocrosS|s|-F, which proves that they are equivalent and that F splits into a sum of 
cross effects. 

This is a generalization of the following well known result: (cf. [J], [TU] ) 

Corollary 8.6 (Binomial Theorem for Suspension Spectra). If X and Y are well- 
based spaces then the obvious projection maps yield a splitting 

S°°(X x7)A AY) x x S°°y 

If X\, . . ., X n are well-based spaces then we get a more general splitting 

n 

£°°n x ^ n s °°A x ' 

i=l ®=£SCn i£S 
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and in particular if X is well-based then 



i=l 



Remark. The corollary also follows easily if we start with 

From there the proof is suggested by the facts 

(x + l)(y + 1) — 1 = xy + x + y 



( X+ ir-i = ±(%< 



We are now in a position to prove the existence of P n F for retractive spaces into 
spectra. First we'll give a result that motivates the construction. 

8.1. An Equivalence Between [G° p , Sp] and [M° p , Sp], Let G„ be the category 
of based sets + , ... , n + and based maps between them; this is the opposite 
category of Segal's category T. Let M n be the category of unbased sets = 0, 1, 
. . . , n and surjective maps between them. If I is a category then let [I, Sp] denote 
the homotopy category of diagrams of spectra indexed by I. 

Note that the maps in G„ are generated by inclusions, collapses, rearrangements, 
and maps that fold two points into one. From the last section, a diagram of spectra 
indexed by G„ will split into a sum of cross effects. The first two classes of maps 
(inclusions and collapses) will simply include or collapse these summands. Therefore 
our diagram has redundancies. If we throw out the redundancies, only the last two 
classes of maps (rearrangements and folds) still carry interesting information. But 
these are exactly the maps that generate the smaller category M„. We have just 
given a heuristic argument for the following known result: 

Proposition 8.7. There is an equivalence of homotopy categories 



[Gn,S P ] 



c 



[M n ,S P ] 



obtained by taking cross-effects 



CF(i) =cros Si F(l +! ...,l + ) 



Its inverse is obtained by taking sums 



[Gn,S P ] 



P 



[M n ,Sp] 



There is also an equivalence of homotopy categories 

[G°P,5p]^[M°P,5p] 
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obtained from co-cross effects and products 

CF{i) = cocrosSiF(l + , . . . , 1 + ) 

Remark. The author learned a version of this result from Greg Arone. A similar 
result for diagrams of abelian groups was done by Pirashvili [32] . Hclmstutler 
[24] gives a more sophisticated treatment that handles both abelian groups and 
spectra in the same uniform way. He gives a Quillen equivalence between the 
two categories of diagrams with the projective model structure. This is of course 
stronger than just an equivalence of homotopy categories. The above result gives 
an explicit description of the derived functors of Helmstutler's Quillen equivalence. 
This perspective was essential in making the correct guess for P n F in section [3] 
above, and it motivates our proof of Thm. 18.81 below. 

Proof. We define diagrams that extend the above constructions on objects. The 
essential ingredient is to define maps between the various cubes that show up in the 
definition of total homotopy fiber and cofiber found in |20j . These maps of cubes 
I- — > I 3 - are all generalized diagonal maps coming from maps of sets i < — j . Then 
it is easy to define a natural equivalence of diagrams CPG — > G. On the other 
hand, Prop. 18.51 gives an equivalence PCF{i + ) — > F(i + ) for each object i, £ G„, 
but these equivalences do not commute with the maps of G n . Instead, we define 
an isomorphism PCF — > F in the homotopy category of diagrams. To do this, 
we choose for each arrow i + — > f of G„ a contractible space of maps 

PCF(i + ) — > F(j_ + ) 

that agrees in a natural way with compositions, and such that on the identity arrows 
i + = i + we choose only equivalences 

PCF( 1+ ) — > F(i + ) 

Our chosen spaces of maps PCF(i + ) — > F(j + ) end up being products of cubes, 
the same cubes that appear in the definition of total homotopy fiber above. This 
gives the desired equivalence of homotopy categories. 

The contravariant case is similar, but wc will give one more detail here since it is 
needed in the next section. If F : G° p — > Sp, we use the diagonal maps I 1 < — 1- 
to define 

\/ FX S A F(S+) — ► \/ T A F(T+) 

SCi TCJ 

taking the summand for S C i to the summand for f^ 1 (S) C j. This passes to a 
well-defined map on the co-cross effects of F, which gives the arrows of the diagram 
CF. □ 
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8.2. P n F for Retractive Spaces over B into Spectra. Consider homotopy 
functors F from finite retractive spaces IZ^^ into spectra. Our previous construc- 
tion of P n F was roughly the same as a mapping space of diagrams indexed by 
V B p n , the spaces under B with at most n points. When B ^ *, this approach calls 
for more technology because \Jb,u needs to be enriched. However, the equivalence 
[G° p ,iSp] ~ [M° p ,<Sp] suggests that we could just eliminate the inclusion and col- 
lapse maps in TJb,u- This leads to the category M„ again, which does not need to 
be enriched. 



So we replace our diagrams 



U Bi „ — > Sp 



i B ~» X 1 



F{Ib) 



with the diagrams of co-cross effects 



i-^ X Al 
i ~» cocrosSjF(l B , . 



1b) 



where A is the external smash product from Dcf. 13.21 We are being sloppy about 
the existence of maps into B l , but this gives enough intuition to suggest that we 
try the following construction on retractive simplicial sets X. over S.B: 



E n F(X.) 



holim 

(i<— j)e 



im holim cocross,F(AR, . . . , An) 



holim 



cocrosSiF(A^, . . . , A^) 



As before, the equivalence comes from Prop. 16.81 Here X Ai is a simplicial set 
containing (S.B) 1 as a retract, whose fiber over a simplex in (S.B) 1 is the smash 
product of the fibers in X. . The homotopy type of X A 1 is homotopy invariant in 
X. by the same argument as Prop. 13.71 above. As before, we extend E n F to spaces 
by E n F(X) := E n F(S.X). 

Each surjective map i < — j induces a cofibration X A% — > X.^ 1 . This determines 
a functor A : M° p — > Cat by that sends i to the category A x x». The diagram 



M° p / A 



cocross 



sF 



Sp 



is then defined by 

i, A[p] 



X' 



cociosSiF(A 1 ^, . . . , A^) 



X. 



cocross :) i 7, (A^, 
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The map of co-cross effects is defined in the proof of Prop. 18.71 above. We can show 
that E n F is n-excisive by proving properties (f ), (2), and (3) from section[7] Prop- 
erty (f ) follows from the above equivalences, and property (3) is straightforward. 
We will do (2) in detail. 

As before, we can start with a pushout cube of simplicial sets, with initial vertex 
A e sSetg.B- It's indexed by a set S, so for each element s £ S, let X s g sSets b 
be a simplicial set containing A (and also containing S.B as a retract). Then there 
is a pushout cube which assigns each subset T C S to the simplicial set U t£T X t , 
which is shorthand for the pushout of the X t along A. We want to show that E n F 
takes this to a Cartesian cube; in other words, the natural map 



holim cocrosSiF(An, . . . , A P R ) — > holim holim cocrosSii^A?,, . 

A[p]^((J s X s )-' " (TCS)°p ^AM-KIIt*.) 7 ^ 

is an equivalence. Using dual Thomason, we rewrite the right-hand side as 

holim cocrosSiF(A P R , . . . , A P R ) 

(T,i,A[p]^(UT A 's) Al ) 

where each object of the indexing category is a proper subset T C S, integers p > 
and < i < n, and a map A[p] — > (\J T X s )^ 1 . A map between two objects looks 
like 



T, 



A[p] 



subset 



(Ut X sY' 



(Ut X s) 



u. 



AM 



(Ua^) Aj 



As before, this category maps forward into M° p J A^y^ x s )~ i ; m which a map 
between two objects looks like 



A[p] 



AM 



(Us** 



This functor a forgets the data of T and includes flJ T X s ) A * into (\J S X s ) A \ The 
natural map of homotopy limits defined above is again induced by a pullback of 
diagrams along a, so we just have to show that a is homotopy initial. Given an 
object A[q] ((J s -^ s ) A - J in the target category, the overcategory (a J. <p) has as 
its objects the factorizations of ip 



A[<?] — > A[p] — ► ({Jx s 



(\Jx s 



A j 



,A^ B 



where T C S must be a proper subset of S. 
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Let us give a terminal object for this overcategory. Either the map out of A 9 hits 
the basepoint section, in which case we take T — 0, or it misses the bascpoint 
section, in which case it gives a j-tuple of simplices in |J S X S , each of which lands 
inside one of the sets X s in the pushout. Therefore there is a smallest subset T C S 
such that A[q] — P -+ (\J S X a ) Aj lands inside ((J T X s ) Aj ', and since j < n < \S\, this 
subset is proper. This gives a terminal object for the overcategory (a 4- f), so it's 
contractible, which finishes (2). 

We might now expect that F — > E n F is an equivalence on R^ p n . This is actually 
not true. To fix it, define 

P n F(X) = E~F(X) x F(0 B ) 

Corollarv lS. 41 above assures us that this isn't a terrible idea. Note that P n F(X) is 
n-excisive because it is a homotopy limit of n-excisive functors. 

Now let X = j . Then X Al = (j) B . We can partition A x -i into two categories, 
one in which the simplex lands in the basepoint section and another in which the 
simplex misses the basepoint section. This leads to a partition of M° p J A into 
three categories, one in which there are no simplices, one in which the simplices 
land in B, and one in which the simplices miss B. The homotopy limit of the 
first two is E n F(QB), which contains the homotopy limit of the first F(Qb)- So 
the homotopy limit of the last category is therefore E n F(j ). This last category 
contains a homotopy initial subcategory of objects A[0] X i 4 j, with i ^ and 
i j an order-preserving inclusion. Therefore 

E n F(j ) ~ holim cocross l F(l B , . . . , 1 B ) 

But the only surjective maps between subsets of j that respect the inclusion into j 
arc identity maps. So this homotopy limit is an ordinary product: 

E^F(l B )~ 11 cocross^ls, . . . , 1 B ) 

P n F(i B ) ~ Y[ cocross ?; F(l B , . . . , 1 B ) 

Using our splitting result (Prop. 18. 5[) . this shows that F(j ) — > P n F(j ) is an 
equivalence. This finishes the proof that P n F exists for F from retractive spaces 
over B into spectra: 

Theorem 8.8. If F : H B p fin — > Sp is a homotopy functor, then there is a universal 
n-excisive approximation P n F , and F — > P n F is an equivalence on spaces with at 
most n points. 
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